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Abstract
Semiconductor lasers are being used every day in their millions, for example, in
CD and DVD players and in optical communications networks. Mathematically, a
semiconductor laser is a damped nonlinear oscillator. However, due to its nonlinear
nature and a low reflectivity of its facet mirrors, such a laser may show an amazing
range of complicated dynamics in the presence of external influences.
In this paper we discuss two ‘classical’ examples of laser systems to show how
tools from dynamical systems theory can be used to understand their behaviour.
First, we consider a semiconductor laser with optical injection and demonstrate
that the bifurcation diagram of a three-dimensional vector field model is in ex-
cellent agreement with an experimental stability diagram. Second, we discuss a
semiconductor laser receiving optical feedback of its own light after reflection on a
mirror. This system is modelled by a system of delay differential equations, and
we show how transitions to chaos can be understood with the help of numerical
bifurcation techniques.
1 Introduction
Semiconductor lasers are the lasers of choice for numerous practical applications, includ-
ing optical storage devices, such as CD and DVD players, barcode readers and optical
communications networks. A semiconductor laser is a small nonlinear device that, on its
own, does not show much interesting dynamics. It is mathematically a damped nonlinear
oscillator: in isolation the laser sends out coherent light of a constant intensity, and when
perturbed it shows intensity oscillations of a characteristic frequency (called relaxation
oscillations) that die out exponentially.
On the other hand, due to the combination of a strong amplitude-phase coupling and
a low reflectivity of the facet mirrors (only about 30%), semiconductor lasers are very sus-
ceptible to external optical influences. In the presence of such influences, semiconductor
lasers may show an amazing range of complicated dynamics; see, for example, [17, 20] as
an entry point into the extensive literature on laser dynamics.
In this review paper we demonstrate how methods from dynamical systems theory,
especially bifurcation analysis (see, for example, [13, 22] for background information), can
be used to understand the behaviour of semiconductor laser systems in unprecedented
detail and in very good agreement with experimental measurements. This is particularly
useful in this field because, due to the fast internal time scales of semiconductor lasers,
experiments are generally restricted to measuring optical and intensity spectra rather than
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Figure 1: Sketch of a semiconductor laser subject to optically injected light of amplitude
K and frequency ω.
long, highly-resolved time series of the laser intensity. We consider here two ‘classical’
examples: a semiconductor laser with optical injection and a semiconductor laser receiving
optical feedback of its own light that is refelcted off a regular mirror.
In Section 2 we discuss the case of a semiconductor laser with optical injection; for
further information see the monograph [27]. This laser system has been studied almost
since semiconductor lasers have been invented, where the original idea was to improve
the output of the laser in terms of the sharpness of its frequency spectrum. Here we
demonstrate that the bifurcation diagram of a three-dimensional vector field model of the
injection laser is in excellent agreement with an experimental stability diagram. In fact,
based on theoretical predictions new dynamics regimes could be identified experimentally.
In Section 3 we consider the case of a semiconductor laser with conventional optical
feedback (COF) from an external mirror. Optical feedback is a regular occurence in
applications. Even very low levels of feedback (on the order of less than 1%) can totally
destabilize the laser. The ensuing (chaotic) dynamics is often unwanted, although it can be
utilized, for example, as a carrier wave for encrypted optical communication [1]. For more
background information see, for example, [17]. The COF laser is modelled mathematically
by a system of delay differential equations, which feature an infinite-dimensional phase
space. Lasers with delayed feedback have been a main motivation and testbed for the
recent development of numerical bifurcation techniques for systems with delays. We show
how such methods can be brought to bear to understand transitions to chaos in the COF
laser.
2 The optically injected laser
A semiconductor laser with optical injection receives light of strength K and frequency
ω as constant input from a stable outside source; see Fig. 1. The question is what the
resulting output looks like. The system can be described by a so-called rate equation for
the complex electric field amplitude E = Ex+ iEy and the population inversion N , which
measures the number of electron-hole pairs that each can produce a single photon. In
rescaled form the rate equation takes the form


dE
dt
= K +
(
1
2
(1 + iα)N(t)− iω
)
E(t)
dN
dt
= −2ΓN(t)− (1 + 2BN(t))(|E(t)|2 − 1) .
(1)
As for any forced damped oscillator problem, the two main parameters are the injection
strength K and the detuning frequency ω, measured with respect to the free-running laser
frequency. The parameters α, B and Γ are fixed during an experiment as they describe
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Figure 2: Theoretical bifurcation diagram (curves) overlayed with experimentally meas-
ured bifurcation points; thick curves give rise to attractors and thin curves do not;
grey dots mark transitions to chaos. Reproduced from S. Wieczorek, T.B. Simpson, B.
Krauskopf, and D. Lenstra, Phys. Rev. E 65 (2002) 045207(R) c©2002 by the American
Physical Society.
material properties of the semiconductor laser. Note that it is assumed that the laser
lases with a single longitudinal mode; see [26] for more details.
The injection laser is known to produce a wealth of dynamical complexity [27]. This
is brought out in Fig. 2, which shows a bifurcation diagram in the (K,ω)-plane, overlayed
with dots of measured transitions of the dynamics. The bifurcation diagram was computed
with the continuation package AUTO [3] for the experimentally obtained parameter values
α = 2.6, B = 0.0295 and Γ = 0.0973 that specify the laser used in the experiment. The
dots were recorded painstakingly by Tom Simpson from experimentally measured optical
spectra of a single-mode semiconductor laser (a so-called DFB laser); see [25, 28, 29] for
more details.
Each curve in Fig. 2 corresponds to a specific bifurcation as marked. The corresponding
measured dots are shown in black, while grey dots indicated that a transition to chaos
(i.e., a broad spectrum) was found in the experiment. The black dots align very well
with the supercritical parts (producing attractors) of the bifurcation curves, which are
shown as thicker curves. In the large region between the Hopf bifurcation and the saddle-
node (SN) bifurcation curve the laser is locked: it lases at the frequency of the injected
light. The locking region is very asymmetric, meaning that it is much easier to achieve
locking for negative detuning ω. This asymmetry is typical for semiconductor lasers; it is
expressed in (1) by a quite large (i.e., nonzero) linewidth enhancement factor α.
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Figure 3: Experimental spectra (first column), theoretical spectra (second column), and
corresponding theoretical phase portraits (third column) for the transition at ω = 2 GHz.
Reproduced from S. Wieczorek, T.B. Simpson, B. Krauskopf, and D. Lenstra, Opt. Com-
mun. 215 (2003) 125–134 c©2003 by Elsevier Science.
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There are two basic periodic solutions in the system: the free-running laser solution
(for K = 0) and the relaxation oscillations, which undamp in the Hopf bifurcation. These
periodic solutions can undergo further bifurcations, of which we show torus and period-
doubling (PD) bifurcations in Fig. 2. Transitions to chaos may be due to successive
period-doublings, but other (sudden) transitions are also possible. The grey dots are
where one would expect them, namely inside islands of period-doubling bifurcations.
While there are some discrepancies for larger positive ω, Fig. 2 shows that the agree-
ment between theory and experiment is more than qualitative over a very wide range of
the injection strength K and the detuning ω. This is quite remarkable given the simplicity
of the rate equaton model (1) and the fact that only spectra could be measured (due to
the fast time scales of semiconductor lasers). In fact, the agreement is so good that even
subtle effects could be found experimentally.
As an example Fig. 3 shows consecutive measured optical spectra (first column) and
the corresponding spectra and phase portraits of the model (1) (second and third columns)
for a transition through the bifurcation diagram at ω = +2GHz. Notice that we did not
include a noise term in (1), so that the computed spectra do not show a noise floor. The
key is to compare the location and height of different peaks in the spectra to identify the
dynamics.
The transition in Fig. 3 corresponds to passing right over a codimension-two bifurca-
tion point, namely a saddle-node Hopf bifurcation where the saddle node curve (SN) and
the Hopf curve are tangent. It is known that such a point may give rise to complicated
dynamics [13, 22]. If the level of injection is low then the laser does not lock but operates
at about 0 GHz (i.e., close to its free-running frequency) [Fig. 3 (a)]. As the level of
injection is increased [Fig. 3 (b)] the experimental spectrum shows more peaks. The the-
oretical spectrum and the associated phase portrait show that this is actually complicated
periodic dynamics, which appears to be a locked periodic orbit of high period on a torus.
Notice that the experimental spectrum is not able to resolve all peaks due limitations
of frequency resolution of the measuring equipment. As the injection level is increased
further, the torus breaks up into a chaotic attractor [Fig. 3 (c)], which manifests itself
in a continuous spectrum. In terms of the bifurcation diagram in Fig. 2, K is now such
that the chaotic region inside the island of period-doublings has been entered. Increasing
the level of injection results in a considerably broadened spectrum, which is due to a
corresponding change of the chaotic attractor [Fig. 3 (d)]. When increasing the injection
level even further, the other boundary of the chaotic region is approached, where the
spectrum is still chaotic but shows a strong periodic component [Fig. 3 (e)]. This periodic
component becomes more distinct close to the boundary [Fig. 3 (f)], and finally the laser
is not chaotic any longer but produces period-one self-pulsations [Figs. 3 (g)]. For even
larger levels of injection another island of period-doubling in Fig. 2 is entered and the
laser shows periodic oscillations of about half the previous frequency [Fig. 3 (h)].
In summary, the excellent agreement between the bifurcation diagram and phase por-
traits of (1) and the corresponding experimental measurements shows that the injected
laser can be modelled successfully by a three-dimensional vector field model. This allows
for direct quantitative predictions: the bifurcation study provides locations in parameter
space where to look for certain, often quite subtle, features of the laser’s dynamics, which
can then be identified experimentally. More examples can be found in [27].
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Figure 4: Sketch of a semiconductor laser receiving feedback from an external mirror at
distance L, leading to a delay time of τ = 2L/c.
3 The COF laser
Understanding the influence of delayed conventional optical feedback on the behavior
of semiconductor lasers is of great relevance for technological applications, where the
feedback is typically due to (unwanted) external reflections. The simplified experimental
setup, generally referred to as the COF laser, consists of a semiconductor laser that
receives optical feedback from an external mirraor placed at distance L; see Fig. 4. The
input into the laser is its own light, which re-enters after a delay time τ = 2L/c, where
c is the speed of light. Since the distance L is generally much larger (on the order of
centimetres to metres) than the length of the semiconductor laser (typically less than
1mm) the delay time τ is large in terms of the internal time scale of the laser; see [8, 17]
for more background information.
Again under the assumption that the semiconductor laser lases only at a single lon-
gitudinal lasing mode, the COF laser can be modelled with the so-called Lang-Kobayashi
(LK) rate equations [23], which can be written in dimensionless form as


dE
dt
= (1 + iα)N(t)E(t) + κe−iCpE(t− τ)
T
dN
dt
= P −N(t)− (1 + 2N(t)) |E(t)|2
(2)
for the (normalized) electric field E and inversion N . The main parameters that can
be changed continuously in an experiment are the feedback strength κ and the feedback
phase Cp. The delay time τ can be set, but remains fixed during a measurement. The
parameters α and T describe material properties of the laser, and P is its pump current.
The LK equations (2) are a system of delay differential equations (DDEs) and, as such,
have as phase space the infinite-dimensional space of functions over the history interval
[−τ, 0] with values in (E,N)-space. Because of their infinite-dimensional nature, DDEs
are much harder to treat than ordinary differential equations. On the positive side, there
is bifurcation theory for DDEs, at least for systems with multiple fixed delays [2, 14], and
advanced numerical tools are now available, namely the continuation of equilibria, periodic
orbits and (some of) their bifurcations [4] and the computation of unstable manifolds
[12, 19]. In fact, the wish to understand complicated dynamics of semiconductor laser
systems was one of the driving forces behind these recent developments.
In the LK equations (2) the optical feedback is assumed to be so weak that multiple
reflections need not be considered. In spite of their simplicity, the LK equations have
been shown to be in good agreement with experimental measurements. In this section
we give an example. Namely, we consider bifurcations to so-called regular pulse packages
(RPP) that occur when the delay time is on the order of the internal (damped) relaxation
oscillation period [15, 16]. In physical terms, this means that the distance of the mirror
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Figure 5: One cycle of the repeating dynamical scenario characterized by the intensity
spectra of the laser emission for an external cavity length of L = 1.1 cm; the injection
current is indicated on each panel. Reproduced from T. Heil, I. Fischer, W. Elsa¨ßer, B.
Krauskopf, K. Green, and A. Gavrielides, Phys. Rev. E 67 (2003) 066214 c©2003 by the
American Physical Society.
from the laser is on the order of a few centimetres. A key parameter turns out to be the
feedback phase Cp.
Figure 5 shows changes of measured intensity spectra, i.e., the frequency components
of the laser intensity, for L = 1.1 cm as the parameter Cp is varied over 2pi via making
small changes in the pump current P ; see [15, 16] for details. The initial flat spectrum
[Fig. 5(a)] corresponds to stable constant laser emission. Then a single sharp peak at
1.7GHz appears in the spectrum [Fig. 5(b)], which gains in amplitude and shifts to
slightly lower frequencies [Fig. 5(c)]; this is indicative of a Hopf bifurcation. When the
injection current is increased further, a second, strongly broadened peak appears in the
low-frequency part of the spectrum at approximately 0.7GHz [Fig. 5(d)]; what is left of
the first peak is also broadened, and this suggests that a much larger attractor has been
created. As the injection current is increased, the amplitude of this new peak grows and
its frequency decreases [Figs. 5(e) and (f)] Simultaneously, the amplitude of the peak at
1.6GHz diminishes until it finally vanishes, so that the low-frequency peak now dominates
the spectrum [Fig. 5(f)]. The low-frequency peak then increases further in amplitude and
narrows in width [Fig. 5(g)]. As the feedback phase is changed further, the sharpness of the
peaks increases, which is indicative of regular pulse packages [Fig. 5(h)]. Then suddenly
the RPPs disappear, and the laser again shows stable constant emission [Fig. 5(i)]. We
are back at the dynamics we started off with, having changed Cp over 2pi. Note that the
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Figure 6: Experimental (a) and simulated (b) time series of the intensity in the RPP
regime. One RPP, shown boldfaced in panel (b), corresponds to a trajectory in the (R,N)-
plane (c) with exactly one global reinjection from the low gain region. Reproduced from
T. Heil, I. Fischer, W. Elsa¨ßer, B. Krauskopf, K. Green, and A. Gavrielides, Phys. Rev.
E 67 (2003) 066214 c©2003 by the American Physical Society.
transition from the RPP to stable emission is associated with a hysteresis loop.
The goal of this section is to use dynamical systems methods to understand the dy-
namics underlying the transitions to RPPs in Fig. 5. As a first step, Fig. 6 shows in panel
(a) a measured short time series of RPPs, and in panel (b) a simulated time series of the
Lk equations (2). Throughout this paper we use the values of the parameters α = 3.5,
T = 550, P = 0.136, τ = 121 and κ = 0.0455, which are adapted from the physical values
of the experiment; see [16] for details. The value of the feedback phase in Fig. 6(b) is
Cp = 31.49. Notice the good agreement between the measured and simulated time series.
A single pulse package consists of a series of regular pulses with a period given by the
delay time τ . The pulse intensities are modulated by a low frequency envelope that forms
individual pulse packages. Each RPP is characterized by a first dominant pulse and then
the size of the individual pulses decreases gradually until the laser intensity drops almost
to zero. The second, boldfaced pulse package in Fig. 6(b) is shown in panel (c) as a
trajectory in projection onto the (R,N)-plane, where R is the amplitude of the electric
field E = Reiφ. This trajectory consists of an initial re-injection into a region of lower N
(i.e., higher intensity I = R2), which it leaves again at the end of the pulse package. The
trajectory does not close up but the begin and end points are quite close together, so that
the next pulse package is quite similar. The circles (◦) and pluses (+) in Fig. 6(c) are the
so-called external cavity modes (ECMs), the basic solutions of systems (2). The circles
are initially stable and they are referred to as the modes, while the pluses are always
saddles and referred to as antimodes. Notice how the trajectory of the RPP appears to
‘spiral around’ different ECMs.
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one antimode ECM, and the attractor they end up at (third column). In all panels circles
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W. Elsa¨ßer, B. Krauskopf, K. Green, and A. Gavrielides, Phys. Rev. E 67 (2003) 066214
c©2003 by the American Physical Society.
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In order to cast some light on how RPPs emerge when the feedback phase Cp is
changed, we consider in Fig. 7 how the one-dimensional (strong) unstable manifold of one
of the antimode ECMs changes. One branch of the unstable manifold of the antimode
is shown in the first colum, and the other branch is shown in the second column. These
branches of manifolds were computed by integrating from an initial condition close to the
ECM along its linear unstable eigendirection. (Because of the invariance of (2) under
changes of the phase of E [21], this can be done in the same way as for a steady state [9].)
The third column shows the attractor on which both branches accumulate. From row (a)
to row (f) the value of Cp changes.
Both branches initially end up at a stable ECM [Fig. 7(a)]. When Cp is decreased, this
ECM undergoes a Hopf bifurcation and both branches end up at an attracting periodic
orbit [Fig. 7(b)]. For even lower Cp, the periodic orbit has lost stability and we find an
attracting torus instead [Fig. 7(c)]. This torus then appears to break up and the attractor
start to ‘encircle’ other ECMs [Fig. 7(d)–(f)]. At the same time the attractor appears to
become ‘more regular’ [Fig. 7(f)], which accounts for the regularity of the RPP regime;
compare with Fig. 6. When Cp is decreased even further, there is a sudden jump back
from the situation as in Fig. 7(f) to one as in Fig. 7(a). This entire transition over one
2pi-cycle of Cp agrees well with the intensity spectra of Fig. 5.
An important feature of Fig. 7 is that the branch in the first colums appears to
‘anticipate’ the more complicated structure of the attractor that is about to appear;
compare, for example, Fig. 7(d1) with Fig. 7(e3). This is a strong numerical indication
that the transitions are due to re-arrangments of stable and unstable manifolds called
crisis bifurcations [24]. The attractor ‘surrounding’ more and more ECMs appears to be
due to a series of interior crisis bifurcations and the final disappearance of the attractor in
Fig. 7(f3) due to a boundary crisis bifurcation. Furthermore, one notices a mechanism of
reinjection: both branches are characterized by moving quickly into the region of low N ,
which corresponds to a pulse in the laser power. The increasing regularity is seemingly
the result of the appearance of a quite narrow ‘channel of reinjection’ through which the
trajectory travels at the beginning of each pulse package.
In summary, the measured scenario of transitions to chaotic dynamics and then RPPs
as the feedback phase Cp is varied can be explained in terms of changes to attractors and
re-arrangements of invariant manifolds. This demonstrates the usefulness of numerical
bifurcation tools for the study of systems with delay. Other semiconductor laser systems
where such methods have been brought to bear include lasers with phase conjugate feed-
back [10], filtered feedback [7, 11] and delay-coupled lasers [6]. However, these methods
are not restricted to laser dynamics. Other areas where delay differential equations are
models of choice include control theory, communications networks and neuron interac-
tions.
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